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Abstract. We address the following question: 

When an affine cone over a smooth Fano threefold admits an effective action of the 
additive group? 

In this paper we deal with Fano threefolds of index 1 and Picard number 1. Our 
approach is based on a geometric criterion from |KPZj . which relates the existence 
\ of an additive group action on the cone over a smooth projective variety X with 

the existence of an open polar cylinder U ~ Z x A 1 in X. Non-trivial families of 

OFano threefolds carrying a cylinder were found in |KPZj . Here we provide new such 
examples. 
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Introduction 



All varieties in this paper are denned over C. It is known [KPZ] that the affine cone 
over any smooth del Pezzo surface of degree d > 4 anticanonically embedded in F d 
admits an effective G a -action. The existence of a G a -action on the affine cone over a 
projective variety X depends upon the polarization chosen. However, if Pic(X) ~ Z, 
then all polarizations are proportional and so all the affine cones over X simultaneously 
admit or do not admit a G a -action. 

On the other hand, under the assumption Pic(X) ~ Z it is natural to restrict to 
Fano varieties X only, since otherwise X is not uniruled and so the affine cones over 
X do not admit a G a -action, see [KPZ] . Consider, for instance, a Fano variety X 
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with Picard number one which contains the affine space A™ as a Zariski open subset. 
Clearly, every affine cone over A admits a G a -action. This applies e.g. to P n , the 
smooth quadric Q in P™ +1 , or the Fano threefold A 5 of index 2 and degree 5. In |KPZl 
5.1-5.2] we found two more families of rational Fano threefolds X with Picard number 
one such that every affine cone over X admits a G a -action. Namely, these are the 
smooth intersections of two quadrics in P 5 and the Fano threefolds A 22 of genus 12. In 
the next theorem we provide two more such families. Given a Fano threefold X, we 
let t(X) denote the Fano scheme of X that is, the component of the Hilbert scheme 
parameterizing the lines on X. 

Theorem 0.1. Let X be a Fano threefold of genus g = 9 or 10 with 

Pic(A) = Z ■ (-K x ) . 

If the scheme t(X) is not smooth, then the affine cone over X under any projective 
embedding X <^-> F N admits an effective G a -action. The Fano threefolds with a non- 
smooth scheme r(A) form a codimension one subvariety in the corresponding moduli 
space. 

Let us make the following observation. It is known |Pr 3 | that the automorphism 
group of a Fano threefold X as in Theorem 10.11 is finite. It follows that for any affine 
cone over X, the group of its linear automorphisms is one-dimensional, while the whole 
automorphism group is infinite-dimensional, see [KPZ[ §§2-3]. 

A geometric construction used in the proof of Theorem 10.11 involves a line L on 
X, which corresponds to a non-smooth point of t(X). Besides, in Theorems 13.31 and 
13.61 we provide families of examples, which evoke instead a smooth point [L] G t(X). 
It seems plausible that the latter families are not contained in the former ones. A 
natural question arises whether the conclusion of Theorem 10.11 remains true for any 
Fano threefold of genus g = 9 or 10 with Picard number 1. We expect, however, that 
the answer is negative. 

The proof of Theorem 10. II is based on the following geometric criterion. Let ICP 
be a smooth projective variety. We say that X possesses a polar A}-cylinder U if 
there exists an effective Q-divisor D on X such that D ~q H, where H stands for the 
hyperplane section, and 

U = Y\ supp D = Z x A 1 
for some quasiprojective variety Z. We let AffCone(A) denote the affine cone over X. 

Theorem 0.2. QKPZ, Theorem 3.9]) If X as above possesses a polar ^-cylinder 
U —7- Z with Pic(Z) = 0, then AffCone(A) admits an effective G a -action. 

Vice versa, if AffCone(A) admits an effective G a -action, then there exists in X an 
open set U = Y \ supp D, where D is as before, isomorphic to the total space of a line 
bundle. 

Specifying Theorem 10.21 we deduce the following corollary. 

Corollary 0.3. Let X be a smooth subvariety in P n with Pic(A) ~ Z. Then AffCone(A) 
admits an effective G a -action if and only if there exists in X an open cylinder U ~ 
ZxA 1 . 

Proof. Indeed, since Pic (A) ~ Z, every cylinder in A is polar. Since a line bundle over 
Z is locally trivial, shrinking Z if necessary we may assume that it is trivial. □ 
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We apply this criterion to smooth Fano threefolds of index one and with Picard 
number one. Thus Theorem 10.11 follows from Theorem 13.11 which says that every Fano 
threefold X satisfying the assumptions of Theorem 10.11 has a cylinder. 

Section 1 contains a brief overview on Fano threefolds, with a special accent on the 
rationality problem. Besides, we collect here some useful facts on the variety of lines in 
a Fano threefold. In Section 2 we describe two standard constructions, which give all 
Fano threefolds of genus 9 and 10. Sometimes the proofs are hardly accessible in the 
literature, so we provide them here. The main Theorems 10 . llfl . I33| and 13.61 are proven 
in Section 3. 

1. Generalities on Fano threefolds 

We recall that a Fano variety is a smooth projective variety X with an ample an- 
ticanonical class —Kx- The Fano index r = i(X) is defined via —Kx = rH, where 
H G Pic(X) is a primitive ample divisor class. It is well known that r < dimX + 1. 
We write X = Xj for a Fano threefold of degree d, where d = H 3 . The genus g of X 
is defined via 2g — 2 = —K x (= dr 3 ). 

1.1. Classification of Fano threefolds: rationality. Any Fano threefold X has 
index r < 4. Furthermore, 

• if r = 4 then X ~ P 3 ; 

• if r = 3 then X ~ Q, where Q is a smooth quadric in P 4 . 
We assume in the sequel that Pic(X) ~ Z. 

• If r = 2 then the degree of X varies in the range d = 1, . . . , 5. More precisely, 

(1) if d — 1 then X is a hypersurface of degree 6 in the weighted projective 
space P(l, 1, 1, 2, 3). Such a threefold X is non-rational |Tyu| , |Grj ; 

(2) if d = 2 then X is a hypersurface of degree 4 in the weighted projective 
space P(l, 1, 1, 1, 2). Such a threefold X is non-rational |Voj ; 

(3) if d = 3 then X is a cubic hypersurface in P 4 , which is known to be non- 
rational |CG] ; 

(4) if d — 4 then X = X2.2 is an intersection of two quadrics in P 5 . Such a 
threefold is rational |IPrj ; 

(5) if d = 5 then X = X 5 is a linear section (by P 6 ) of the Grassmanian G(2, 5) 
under its Pliicker embedding in P 9 . Such a threefold is rational and unique 
up to isomorphism |IPrj . 

• If r = 1 then the genus of X varies in the range g = 2, . . . , 10 and 12. More 
precisely, 

(a) If g = 2, 3, 5, or 8, then the threefold X is non-rational (see IIS3I , |IPu] for 
g = 2, |IM], 0|3 for = 3, (Eg] for g = 5, [Isjl and [CG] for g = 8); 



(b) if g = 4 or 6 then a general threefold X is non-rational [Be], |IPu] . |Tyu] ; 

(c) if g = 7, 9, 10, or 12 then X is rational [IFr] . 

We are interested in Fano threefolds which possess a cylinder. By the Castelnuovo 
rationality criterion for surfaces, such a threefold must be rational. Of course, if X 
contains the affine space A 3 as an open subset then it has a cylinder. Besides the 
projective space P 3 , a smooth quadric Q in P 4 , and the Fano threefold X5, also certain 
threefolds X 2 2 contain A 3 [Fur]. The latter threefolds form a subvariety of codimension 



1 See also Theorem l3.il 
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two in the moduli space of all the X 22} which has dimension 6. In contrast, a cylinder 
exists in every Fano threefold X 22 or X 2 . 2 |KPZ| §5]. In Theorem 13 . 1 1 below we describe 
families of Fano threefolds with a cylinder among the X 16 (g = 9) and the X 18 (g = 10). 

The question arises whether every rational Fano threefold carries a cylinder; in par- 
ticular, whether this is true for all the threefolds X 12 (g = 7), X 16 and X 18 . 

1.2. Families of lines on Fano threefolds. In the sequel we need the following facts. 



Theorem 1.1 ([Shi], [Rel], \fs£ Ch. 3, §2], [IPFl §4.2]). Let X = X 2g _ 2 be a Fano 



threefold of genus g > 3 with Pic(X) = Z ■ (— Kx), anticanonically embedded in F 9+1 . 
Then the following hold. 

(1) There is a line L on X . 

(2) For the normal bundle jVl/x there are the following possibilities: 



(a) JV l/x ^ 0pi © ^pi(-l), or 

(P) jV l/x ~ ^ P i(l)©^ P i(-2). 

(3) The scheme t(X) is of pure dimension 1. 

(4) The scheme t(X) is smooth and reduced at a point [L] £ t(X) if and only if 
the corresponding line L is of type (a). 

(5) For g > 7 any line L on X meets at most a finite number of other lines Li on 
X. 



Remark 1.2. Let g = 9 or 10 and Pic(X) =Z-(-K x ). According to [Pf3 and [GLNj 



every irreducible component of the scheme t(X) is generically reduced. Thus for a 
Fano threefold X as in Theorem 10. 1[ the set of non-smooth points of the scheme t(X) 
is at most finite. On the other hand, for a general Fano threefold X of this type, the 
scheme r(X) is an irreducible smooth curve [Pr^l §3.2], [111 Cor. 5.1.b]. 



2. Fano threefolds of genera 9 and 10 

We need the following lemma. 

Lemma 2.1. (a) Any smooth curve F of degree 7 and genus 3 in P 3 lies on a unique 
(irreducible) cubic surface F = F(T) in P 3 . 
(b) For any smooth, linearly non-degenerate curve F of degree 7 and genus 2 in P 4 , 
the quadrics containing F form a linear pencil, say, Q. The base locus of this 
pencil is an irreducible quartic surface F = F(F) in P 4 . 

Proof. We provide a proof in the case g = 10, the case g = 9 being similar. Let J^r be 
the ideal sheaf of T C P 4 . Using the exact sequence 

— ► S r (2) — ► ^ P4 (2) — ► ^ r (2) — > 

by Riemann-Roch we obtain that dimif°(j^r(2)) > 2. Hence there is a pencil of 
quadrics Q through F. 

Assume to the contrary that there exist three linearly independent quadrics Qi, Q 2 , 
and Qs C P 4 passing through F. Then Qi n Q 2 D Q3 = F + L (as a scheme), where L 
is a line. Consider the exact sequence 

(2.1.1) — ► ffruL — -+ ^r© @l — >• & — -> 0, 
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where the quotient sheaf & is supported on T n L. Since 

x(^ruL) = -4 and x(^r © ^l) = x(^r) + = , 

we obtain by ( I2.1.ip 

#(r n L) = dim H\&) = X (0r © G L ) - x(^rui) = 4 . 

Thus L must be a 4-secant line of T. Hence the projection with center L would map V 
to a plane cubic, a contradiction. 

Let us show finally that F is irreducible. Indeed, otherwise V would be contained 
in an irreducible surface F' of degree < 3 in P 4 . Since V is assumed to be linearly 
non-degenerate, F' must be a cubic surface. By [GHj Ch. 4, §3], either F' is a cone 
or F' ~ Fi. Proceeding as at the beginning of the proof, it is easily seen that in both 
cases /i°(j^r(2)) > h (J? F i(2)) > 3. Hence there is a two-dimensional family of quadrics 
passing through T, which leads to a contradiction as before. □ 

In I2.3H2.6I below we deal with the following setting. 

Setup 2.2. We consider the following two cases: 

(i) For g = 9, we let W = P 3 and r C P 3 be a smooth non-hyperelliptic curve of 
degree 7 and genus 3. 

(ii) For g = 10, we let W = Q C P 4 be a smooth quadric and T be a smooth curve 
of degree 7 and genus 2 on Q. 

In both cases, we let F = F(T) denote the corresponding surface from Lemma [2. II 

In the next proposition we list the possibilities for such a surface F. 

Proposition 2.3. In the notation and assumptions as in I2.1H^.^I we let g = 9 in case 
(a) of Lemma \2.1\ and g = 10 in case (b). Then the surface F = F(T) C P#~ 6 belongs 
to one of the following classes. 

(1) FC p^ -6 is a normal del Pezzo surface with at worst Du Val singularities; or 

(2) F C pf~ 6 is a non-normal scroll, whose singular locus A = Sing(F) is a double 
line. Furthermore, the normalization F' of F is a smooth scroll F' of the 
minimal degree g — 6 in P 9-5 , and the normalization map v : F' — )■ F is induced 
by the projection from a point P e F 9 ~ 5 \F' . The restriction v\ v -iia) ■ z/ -1 (A) — > 
A is a ramified double cover. There are the following possibilities. 

(a) If g = 9 then F' ~ Fi, the embedding F' C P 4 is defined by the linear 
system |S + 2l\ on F 1; where S C Fi is the exceptional section and £ is a 
ruling, and z/ _1 (A) ~ E + £ is a reduced conic on F' C P 4 , which is either 
smooth or degenerate. 

If g = 10 then one of the following hold. 

(b) F' ~ Fo = P 1 x P 1 , the embedding F' C P 5 is defined by the linear system 
|E + 2l\ ; and z/ _1 (A) ~ E is a smooth conic on F' C P 5 ; or 

(b') i 7 " ~ F2 ; i/ie embedding F' C P 5 zs defined by the linear system |E + 3£| ; 
and z/ _1 (A) ~ E + i is a reduced degenerate conic on F' C F 5 . 

Proof. Since F is a complete intersection, it is Gorenstein. By the adjunction formula 
uf — &f{— 1), i-e. F is (possibly non-normal) del Pezzo surface. 

If F is normal, then by |HW] F is either a surface described in (1) , or a cone over 
an elliptic curve C C f9~ 7 of degree g — 6. Assume to the contrary that F is a cone. 
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Let £ : F — > F be the blowup of the vertex. Then F is a smooth ruled surface over 
C. Let as before £ and I be the exceptional section and a ruling, respectively, with 
£ 2 = —k. Letting M = £*^i?(l) and T be the proper transform of T on F, we can 
write M = T, + k£ and f = aS + M. Then 

= M • E, g - 6 = Af 2 = k, S 2 = -jfc = 6 - g , 

7 = f • M = b, and f • £ = a(6 - #) + 7 > . 

Since T ~ T is not an elliptic curve, a > 2. This is only possible for g — 9, a — 2, and 
so k = 3. On the other hand, by adjunction 

20(f) -2 = (f + Kp)-t = 8, 

a contradiction, since g(r) = g(r) < 3. 

If F is non-normal then by |Na| Theorem 8], [Re-j], |Dolj 9.2.1], F is a projection of a 



normal surface F' of the minimal degree g — 6 in P 9 " 5 . It is well known (see e.g., |GHt 
Ch. 4, §3, p. 525]) that F' C ps -5 is either a Veronese surface F4 C P 5 , or the image 
of a Hirzebruch surface F n under the map given by the linear system |S + k£\, where 
2k — n = g — 6 and k > n. The case of the Veronese surface is impossible because the 
degree of every curve on F' A C P 5 is even. Thus F' ~ F n . Let V C F n be the proper 
transform of V on F' . We can write V ~ aS + W, where a > 2 and 6 > na. Note that 
in the case g = 9 we have a > 3, since T is assumed being non-hyperelliptic, see 



It is easily seen that the remaining possibilities are as in (2) □ 

The following corollary is immediate. 

Corollary 2.4. In the notation of Proposition I2.3j(2) , the class of V in the Picard 
group of the normalization F' ~ F n is as follows: 

(a) g = 9, F' ~ F 1; r' ~ 3S + U; 

(b) g = 10, F' ~ F 0; r' ~ 2S + 3£; 
(b'j = 10, F' ~ F 2; r' ~ 2S + U. 

In all cases A is a (13 — g)-secant line of Y i.e., a 3-secant if g = 10 and 4-secant if 
g = 9. 

Now we can strengthen part (b) of Lemma 12.11 

Lemma 2.5. In case (b) of Lemma 12.11 the pencil Q contains a smooth quadric. 

Proof. Assume to the contrary that every quadric Q G Q is singular. By Bertini 
Theorem a general member Q G Q is smooth outside F. Since F is a complete 
intersection, every member Q G Q is smooth at the points of F\ Sing(F). If F has at 
worst isolated singularities, then so does every quadric Q G Q. Moreover, in this case 
they all must have a common singularity. Hence F should be a cone, which contradicts 
Proposition 12.31 

Thus under our assumption F must have non-isolated singularities. Moreover, by 
Proposition 12.3( 2) F must be singular along a line A. If some quadric Q G Q is singular 
along A, then F is again a cone, which is impossible. Thus we may assume that every 
quadric Q G Q has an isolated singular point P G A. Fixing such a quadric Q, we can 
choose an affine chart in P 4 with coordinates Xi, . . . , X4 centered at P so that A is given 
by x\ = x 2 = and Q is given by X1X3 + X2X4 = 0. There is a quadric Q' G Q given 
by x\u{x\, X2, X4) + X2v(xi,X2, X3, X4) = 0, where u and v are linear forms. Since F is 
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singular along A, at every point of A the Jacobian matrix of these two quadratic forms 
has rank < 1. Therefore x 3 v(0, 0, x 3 , x 4 ) = x 4 w(0, 0, x 4 ) for all x 3 , x 4 . This implies that 
v(0, 0, x 3 , x 4 ) = u(0, 0, x 4 ) = 0. So Q' is given by xi(ax\ + bx 2 ) + x 2 {cx\ + dx 2 ) = for 
some a, b,c,d G C. Hence Q' is a cone with vertex A. Therefore F = Q D Q' is a cone 
with vertex P = (0, 0, 0, 0) G A, which again gives a contradiction and concludes the 
proof. □ 

In the case of a curve V lying on a smooth surface F, the following result can be found 
in |Isi| . In the present more general form, the result was announced without proof in 
\IPr\ Theorems 4.3.3 and 4.3.7]. Besides, we can quote an explanation in \IPr\ 4.3.9(H)] 
as to why the assumption in I2.2( i) that the curve T is non-hyperelliptic is important. 
The details of the proof can be found in an unpublished thesis IPr^ (in Russian). For 
the reader's convenience, we reproduce them below; see also the (unpublished) notes 

Theorem 2.6. In the notation as in Setup 12.21 there exists a Sarkisov link 
(2.6.2) d c »X " " " >X« 'F 







r c ^ vv\ x ^x 



where a is the blowup ofY, and ip are the anticanonical maps onto X C P 9_1 , \ 
is a flop, X = X 2g -2 is a smooth Fano threefold of genus g with Pic(X) = Z • (—Kx) 
anticanonically embedded in F 9+1 , and ip is the blowup of a line L on X. The exceptional 
divisor F of (p is a proper transform of the surface F = F(T) C W . The exceptional 
divisor D of a is a proper transform of a divisor D G | — (12 — g)Kx — (25 — 2g)L\. 
The map is the double projection with center L that is, a map given by the linear 
system \A — 2L\ on X , where A ~ — Kx is a hyperplane section. 

Proof. Let o : X — > W be the blowup of T. Let D be the exceptional divisor and let 
H* = a*H, where H is the positive generator of Pic(H / ) ~ Z. We have (see e.g. [IPrl 
Lemma 2.2.14]) 

(2.6.3) (H*f =0-8, (H*) 2 -D = 0, H* ■ D 2 = -H ■ T = -7 , 

and 

-23 if g = 10, 



D = -de K ^f 



v/w 



-32 if g = 9. 



Letting FCIbe the proper transform of F we get F ~ (12 — g)H* — D. The divisor 
classes -K x ~ (13 - g)H* - D and F form a basis of Pic(X) ~ Z © Z. We have 

(2.6.4) -K\ = 2^-6 > 0, (-K ji ) 2 -F = 3, -K x -F 2 = -2, and F 3 = #-13. 

We need the following fact. 

Claim 2.7. The divisor —K x is nef and big. 
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Proof. Since -K\ = 2g - 6 > 0, the divisor -K% is big. To establish that it is also 
nef, we consider the case g = 10; the proof in the case g = 9 is similar. From the exact 
sequence 

— ► ^r(3) — ► W (3) — > ^ r (3) — > 
we obtain by Riemann-Roch 

dim#°(^ r (3)) > dim#°(^V(3)) - dim# (^ r (3)) = 10. 

The members of the linear system | — K^-\ are proper transforms of the members of 
the linear system | — K w \ = |^V(3)| passing through T. Hence 

(2.7.5) dim|-^|>9. 

Applying Lemma \2. II it is easily seen that the only reducible members G G | — K%\ are 
those of the form G = F + H*. Hence such divisors form a linear subsystem in | — K%\ 
of codimension > 5. 

Assume to the contrary that there exists an irreducible curve C on X with C ■ 
(—Kji) < 0, and let C = cr(C) C W. Since g(T) = 2, the curve T does not admit any 4- 
secant line. Indeed, otherwise the projection from this line would send T isomorphically 
to a plane cubic, which is impossible. Since 

#(c n r) = c ■ b > m * ■ c = 3 deg c > 3 , 

the curve C cannot be a line. If C is contained in a plane n C P 4 then by the same 
argument 

#(nnr) > #(cnr) > 3degC7 > 6. 

Since deg T = 7 and T is linearly non-degenerate, we get a contradiction. Thus C is not 
contained in a plane and so deg C > 3. Assume that C is contained in some hyperplane 
9 C P 4 . Then as above 

#(enr) > #(cnr) > 3de g c > 9, 

which again leads to a contradiction because degT = 7. Therefore C is linearly non- 
degenerate and deg C > 4. 

On the other hand, F contains a line, say, T. Let T C X be its proper transform. 
We have T ■ (—K<^) < 3 = T ■ (—Kyy). Therefore, fixing four general points on T, a 
member M G |— K%\ passing through these points is forced to contain T. The family 
of all such members has codimension at most 4, while degenerate ones vary in a family 
of codimension at least five, as we observed before. Hence there exists an irreducible 
divisor M G |— Kjj-\ containing T. By our assumption M ■ C < 0, and then also 
F-C = M- C-H*-C<0. Thus the intersection M n F contains C U f and so by 
( EM) 

deg(C7 + T) = (C + t)-H* < M-F-H* = -K^-F-H* = (3H*-D)-(2H*-D)-H* = 5. 

It follows that deg C = 4, so C C P 4 is a rational normal quartic curve. Every quadric 
in the linear system H ^cur(^)) contains CUT. Picking two distinct points on F let 
us consider the family of quadrics from H°(^c{2)) passing through these points. It 
has dimension four. Such a quadric cuts T in 13 + 2 = 15 points, hence contains it. 
An easy computation gives dim H° (J?c{2)) = 6. It follows that 

dimi/ (^ u r(2)) > 6-2 = 4. 
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However, the latter contradicts Lemma 1271T b). This shows that in the case g = 10, the 
divisor —K x is nef. The case g = 9 can be treated similarly. □ 

By the Base Point Freeness Theorem we deduce the following. 

Corollary 2.8. For some n > the linear system \ — nK x \ defines a birational mor- 
phism o"o : X — > Xq C whose image is a Fano threefold with at worst Gorenstein 
canonical singularities. Moreover —K x = o"q(— Kx )- 

Our next claim is as follows. 
Claim 2.9. The morphism <t is small, i.e. it does not contract any divisor. 
Proof. Assume that <To contracts a prime divisor 5 ~ a(— K x ) — (3F. Then by (I2.6.4P 

0=~-(-K x ) 2 = (2g-Q)a-3f3. 
This yields = {2g/3 — 2)a. Since H ^ F and — K x is nef by 12 .7[ we have 

< 5 ■ F ■ (-K x ) = 3a + 2/3 = a(4g/3 - 1) . 
Hence a > 0. Furthermore, 

S ~ a(2g 2 /3 - llg + 37)H* + a(2g/3 - 3)D . 
Since a^E is effective we must have 2g 2 /3 — llg + 37 > 0, a contradiction. □ 
The following corollary is standard. 

Corollary 2.10. In the notation as above, Xq has at worst isolated compound Du Val 
singularities. 

Following the techniques outlined in |IPrl §4.1] we can now finish the proof of The- 
orem ETJU 

End of the proof of \2.b\ If — K% is ample then the map o"o is an isomorphism. In 
this case we let X = X = Xq and x to be the identity map. Otherwise by |Kolj the 
contraction <7o : X — > X can be completed to a flop triangle as in diagram (12.6.21) . 
Here ipo is another small resolution of Xo. Let CCI and C C X be the flopped and 
the flopping curves, respectively. Then \ induces an isomorphism X \ C ~ X \ C. 
In both cases the divisor — Kg = (p*(—Kx ) is nef and big. Further, we have 

-K% = -K% = 20-6, {-K x ) 2 -F = (-K x ) 2 -F = 3, -K r F 2 = -K x -F 2 = -2. 

Since Pic(X) ~ Pic(X) is of rank 2 the Mori cone NE(X) is generated by two extremal 
rays. One of them has the form M + [T], where T is a curve in the fiber of a (resp., ipo) 
if x is an isomorphism (resp., not an isomorphism). Let R C NE(X) be the second 
extremal ray. Since — K x is nef and big, R is X-negative. By [Moj there exists a 
contraction <p : X — > X of R. 

Since -K x — F = a* 0{1) is nef we have (-K x - F) ■ C > 0. Therefore F ■ C < 
and F ■ C > 0. Since —K x ■ F 2 = -2 < 0, the divisor F is not nef. Hence F ■ R < 
that is, the ray R is not nef. By the classification of extremal rays [Mo], if is a 
birational divisorial contraction. Moreover, the (^-exceptional divisor coincides with F. 
If (p: X — y X contracts F to a point, then by [Mo] 

(-K x ) 2 ■ F = 4, 2 or 1 . 



10 



TAKASHI KISHIMOTO, YURI PROKHOROV, AND MIKHAIL ZAIDENBERG 



On the other hand, (— K x ) 2 • F = 3, a contradiction. Hence ip: X — > X contracts F 
to a curve Z. In this case both X and Z are smooth and if is the blowup of Z [Mo] . 
Moreover, X is a Fano threefold of Fano index r = 1, 2, 3 or 4. The group PicX is 
generated by F and 

~<p*K x = ~(-K jt + F). 

Therefore, the subgroup generated by F and —K x has index r in PicX ~ PicX. This 
implies that r = 1. We have 



-K x ) 6 = {-K x ).{-K x + F) 



^) 3 + 2F-(-K.) 2 + (-^)-F' 2 



2^-6 + 6-2 = 2#-2 



i.e. X is a Fano threefold of genus g. Furthermore, 

deg Z = -K x ■ Z = {-K x +F)-F- (-K x ) = 3-2 = 1, 

i.e. Z C X is a line. Now an easy computation shows that F 3 ^ F 3 , so x is n °t an 
isomorphism. 

By |Is2j Prop. 3] the linear system | — K x \ defines a birational map and Xq is a 
Fano threefold with at worst isolated Gorenstein terminal singularities. In particular, 
| — Kx \ is very ample. Hence the linear system | — K x \ = ctq | — Kx \ is base point 
free and defines the map a . 

Finally, T is (as a scheme) the base locus of the linear subsystem <j*\ — K x \ C 
\&w(}3 — g)\. It remains to show that in the case g = 9 the curve T is not hyperelliptic. 
Assume the converse. It was shown already that T does not admit a 5-secant line. On 
the other hand, by [GH, Ch. 2, §5] T admits a 4-secant line, say, N. The projection 
from N defines a linear system of degree 3 and dimension > 1 on T. Hence the curve 
T is hyperelliptic and trigonal. However, this is impossible, since otherwise the linear 
systems g\ and #3 on T define a birational morphism r — > P 1 x P 1 whose image is a 
divisor of bidegree (2,3). This contradicts the assumption that g(T) = 3. Now the 
proof of Theorem 12.61 is completed. □ 

Corollary 2.11. In the notation as above we have X \ D ~ W \ F . 

In the next proposition we describe the flopped and the flopping curves in (I2.6.2p . 

Proposition 2.12. In the notation as above we let C C X and C C X be the flopping 
and the flopped curve, respectively. Then the following hold. 

(1) Any irreducible component Ci C X either is a proper transform of a line Li ^ L 
on X meeting L, or (in the case where L is of type ((3) ) is the negative section 
X of the ruled surface F ~ F 3 . 

(2) The curve C is a disjoint union of the (7, 's. 

(3) For any Ci we have 

It follows that x coincides with the Reid's pagoda |Re2| near each Ci. 

(4) The curve C in X is a disjoint union of the Ci 's, where each Ci is the proper 
transform of a (13 — g)-secant line of V. 
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Proof. Recall that C and C are exceptional loci of v?o and <7o, respectively |Kol] . The 
assertion (1) is proven in |Isi[ Proposition 3, (iv)] and |IPrt Proposition 4.3.1], while 
(2) and (3) in \Cu\ Proposition 4] and \Cu\ Corollary 12, Theorem 13], respectively. By 
virtue of (3) C is a disjoint union of its irreducible components. Finally (—K x —F)-Ci = 
-1. Therefore 1 = {-K x -F)-Ci = <r*0 w {l)-Ci. So a{C t ) is a line. Since -K r Ci = 0, 
this line must be (13 — g)-secant. □ 

Finally in the next theorem we provide a criterion as to when the surface F in 
Theorem 12.61 is normal. 

Theorem 2.13. In the notation of Theorems \1.1\ and \2.Q\ the surface F is normal if 
and only if L is a line of type (a) on X . 

Proof. We use the notation of Proposition 12.121 Assume that L is of type (/?), and let 
Co denote the proper transform on X of the negative section S of the ruled surface 
F ~ F3. By Remark 5.13 in [Re^], F is not normal along Co- Since Co is a smooth 
rational curve, a is an isomorphism at a general point of Cq. So F is also non-normal 
along a (C ). 

Assume to the contrary that L is of type (a), while F is non- normal. Then F 
is singular along a line A. Clearly A 7^ T, so F is also non-normal and singular 
along <t _1 (A). The map \ is an isomorphism near a general ruling / C F ~ Fj. 
Letting / = the surface F is smooth along / and o~ (f) = ifo(f) is a line on 

o~o(F) = <fo(F) — Fi. Let I C F be a general line on a non- normal scroll F and / 
be its proper transform on F. An easy computation shows that cr (7) is again a line 
on ao(F) = <po(F) — Fi. Thus we may suppose that I = f. On the other hand, 
/ H Sing(F) 7^ 0, a contradiction. □ 

3. Constructions of cylinders 

In this section we prove Theorem 10.11 Recall that under its assumptions X = Xi g -2 
is a Fano threefold in F 9+1 of genus g = 9 or 10 with Pic(A) = Z • (—Kx), having 
a non-smooth Fano scheme t(X). By virtue of Corollary 10.31 the first assertion of 
Theorem 10.11 is equivalent to the following one. 

Theorem 3.1. Under the assumptions of Theorem \0.1\ the variety X contains a cylin- 
der. 

Proof. Assuming that the scheme r(X) is not smooth at a point [L] G t(X), it suffices 
to construct a cylinder in W \ F (see Corollary 12. lip . 

By Theorem 11.1( 4) L is a line of type (/3) on X. According to Theorem 12.131 the 
surface F is non- normal, and so by Proposition 12.31 A = Sing(F) is a double line on F. 
Consider the following diagram: 



where £ is the projection from A, p is the blowup of A, and q = £ o p. We show below 
that q is a P 11_ff -bundle over P ff_8 . Let E C W be the exceptional divisor and F CW 
be the proper transform of F. 
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In the case g = 10 the fibers of £ are intersections of our smooth quadric WCP 4 (see 
12. 2p with planes in P 4 containing A. Therefore q is a P 1 -bundle over P 2 , whose fibers 
are the proper transforms of lines in W C P 4 meeting A. The morphism q : W — > P 2 
is given by the linear system \p*ff w {l) — F|. Since F ~ 2p*0' w {\) — 2F, the image 
q(F) = £(F) is a conic on P 2 . Since jf A/w ~ ^ A © ^a(I), the P^bundle F A is that 
of the Hirzebruch surface Fi — > P 1 . Moreover, its negative section £ is a fiber of q. It 
follows that the open set W \ F ~ If \ (F U F) is an A^bundle over P 2 \ g(F US). By 
|KM[ Theorem 2] and |KWj Theorem] , this bundle is trivial over a Zariski open subset 
Z C P 2 \g(FUE). This gives a cylinder contained in W \ F and also a cylinder on X. 

In the case g = 9 the fibers of £ are planes in W = P 3 . The intersection of such 
a plane with the cubic surface F consists of the double line A and a residual line 
Therefore q is a P 2 -bundle over P 1 , and FuF intersects each fiber along a pair of lines. 

More precisely, we have E = F and F = Fi (see Proposition I2.3( 2a)). Furthermore, 
qlz and q\p, respectively, yield P 1 -bundles with rulings being lines in the fibers of q. 
By a simple computation we obtain that F\p ~ 2S + /, where £ (resp. I) is a section 
(a ruling, respectively) of the trivial P 1 -bundle E — > A. Notice that S is a line in a 
fiber of q and / is a section of q. The finite map p\p : F — > F yields a normalization of 
F. For the curve F\g there are the following two possibilities : 

(i) F\e = Ai, where Ai G |2S + l\ is irreducible, or 

(ii) F\e — E + A , where A G |E + Z| is a diagonal. 

We claim that W\F ~ If \ (F U E) contains a cylinder. In what follows we deal with 
case (ii) only; (i) can be treated in a similar fashion. There exists exactly one fiber of q, 
say LIoo, such that E, F and LIoo meet along a common line. Blowing up W° := W A \n oo 
along the irreducible curve E fl F n If , we obtain an Fx-bundle n : Vf° — > A 1 together 
with the proper transforms F° and E° on Vf of F and E, respectively. The exceptional 
divisor E^ is ruled over A 1 with rulings being the (— l)-curves in the fibers isomorphic 
to Fx. There is a natural P 1 -bundle structure p : W° — > E± which defines in each fiber 
of p the ruling Fi — > P 1 . The map p sends E° and F° to the intersections E° fl El and 
F° n FJ, respectively. The complement If \ (F° U E° U F°) ~ W\(E U F U LIoo) ~ 
Vf \ (F U n^) is again a P^bundle over F° \ (F° U F°), where := p^Tl^). This 
bundle is trivial over a Zariski open subset Z C F°, and admits a tautological section 
defined by El <^-> Vf °. After trivialization the map p : p~ x (Z) — >■ Z becomes the first 
projection Z x P 1 — > Z. The second projection of the tautological section defines a 
morphism / : Z — > P 1 . The automorphism t i — )■ (t — /(2;)) -1 of Z x P 1 sends this 
section to the constant section 'at infinity'. The A 1 -bundle p : W° \ El — > El being 
trivial over Z it defines a cylinder p _1 (Z) \ El ~ Z x A 1 , as required. □ 

Proof of Theorem 10.11 The first assertion of Theorem 10. II is a consequence of Theorems 
11.1( 4). |2~.131 and 13. II Let us show the second one. Recall that the automorphism group 
of a Fano threefold of genus g = 9 or 10 with Pic(X) = (—Fx) • Z is finite |Pr 3 | . 

Fix a moduli space ^ g of the Fano threefolds of genus g = 9 or 10 with Pic(X) = 
(—Kx) ■ Z. It can be defined using GIT, and is unique up to a birational equivalence. 
Let ^#Jzf 9 be the moduli space of pairs (X, L), where X is a Fano threefold as above 
and L is a line on X. Consider a natural projection n : jtft J£ ' g — > ^ g whose fiber over 
a point [X] G ^ g (which corresponds to X) is isomorphic to t(X). By Theorem 11.1( 3) 
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we have dim^ g = d\m.^l g — 1. By Theorem 12.61 ^J^ 3 is isomorphic to the moduli 
space of embedded curves r C W of degree 7 and genus g(T) = 12 — g. 

Let further C ^ g be the closed subvariety formed by all Fano threefolds X 
whose Fano scheme t(X) is non-smooth, and let ^#Jzf^ C ^^ g be the subvariety 
formed by all pairs (X,L) such that L is of type (/?). Then = n(^Jz?' g ). Since 
such a Fano threefold X contains at most a finite number of (/3)-lines (see Remark 1 1. 2 j) 
we have dim^ g = dim^Jzfg. Now the second assertion of Theorem 10. II is immediate 
in view of the following claim. □ 

Claim 3.2. Let Ji? g be the Hilbert scheme parameterizing the curves V onW of degree 7 
and arithmetic genus PoCO = 12 — g. Then dim J4? g = 91 — 7g. If the surface F = F(T) 
is smooth along T, then J4? g is smooth at the corresponding point. Furthermore, the 
subscheme of Jf g parameterizing the curves T with F(T) non-normal, has codimension 
2. 

Proof. Assuming that F(T) is smooth along T, we consider an exact sequence of normal 
bundles with base T 

(3.2.6) — Yjr T / F — vJfc/w — >^f/w\t — >0. 
Taking into account the relations 

deg^f /F = 2g(T) -2 + degT and deg ^Y F/W \r = T ■ F , 

we obtain by QSXgJ) that H x {jV v/w ) = and diraH Q {^Y T/w ) = 91 - 7g. Now the first 
two assertions follow by the standard facts of the deformation theory. 

The proof of the last assertion is just a parameter count. By Corollary 12.41 the 
dimension of the family of curves T with a non-normal surface F(T) equals 13 and 11 
in cases (a) and (b)-(b'), respectively, while the family of all non-normal surfaces F is 
of codimension 15 — g. □ 

Second construction. In this and the next subsections we describe some families 
of Fano threefolds of genera 9 and 10 carrying a cylinder, which plausibly are not 
covered by Theorem 10.11 In this subsection we prove the following theorem. 

Theorem 3.3. In the notation as in Setup 12.21 and Theorem \2.6] in the case g = 10 
the threefold X contains a cylinder whenever the surface F has a singularity worse 
than the Du Val singularity of type A\ . 

Proof. Assume that the surface F C W C P 4 is singular, where W is as before a smooth 
quadric in P 4 and F is a complete intersection quartic surface in W. Let P G F be a 
singular point. There is a commutative diagram 

(3.3.7) W 




where £ is the projection from P and p is the blowup of P. Let E C W be the 
exceptional divisor and F C W the proper transform of F. Then LT = q(E) is a plane 
in P 3 , while the birational morphism q is the blowup of a conic CCE Furthermore, 
let Hp — W fl T P> w be the tangent hyperplane section and H P C W be its proper 
transform. Then Hp is the g-exceptional divisor. Now let F C W be the proper 
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transform of F and let F° = q(F). It is easily seen that F° C P 3 is a quadric. 
Obviously, W\(F U_H P )_ ~ P 3 \ (F° U n). Note that F H E is the exceptional divisor 
of p F : F -> F and F n F ~ F° n n. 

Now assume that the singularity P 6 F is worse than a Du Val singularity of type 
A\. Then F fl E ~ F° D II cannot be a smooth conic. So it is either a pair of crossing 
lines or a double line. In any case P 3 \ (F° U II) admits a cylinder by the arguments in 
the proof of Theorem 13.11 for g = 9. Indeed, F° U II can be regarded as a cubic surface 
singular along a line. □ 

Consider, for instance, the following construction. 

Example 3.4. Let T C P 2 be a plane quartic curve with a node P±. Pick a pair of 
distinct general points P2, P 3 G r . Let Fi — > P 2 be the blowup of Pi,P 2 ,P 3 and let 
Ei be the corresponding exceptional divisors. Let Ti C F\ be the proper transform 
of r , and let P4 = Y\ fl F 2 (this is a single point). Let P2 —> Pi be the blowup of 
P4, P4 be the exceptional divisor, and r 2 C P 2 be the proper transform of IV Take 
a general point P5 G P4. Letting P 3 — )■ P 2 be the blowup of P5 and T 3 C P 3 be the 
proper transform of r 2 , we see that P 3 is a weak del Pezzo surface of degree 4 [Doll ch. 
8] containing two (— 2)-curves C 2 and C 4 that meet at a point. These are the proper 
transforms of P 2 and F4, respectively. The anticanonical image of P 3 is a del Pezzo 
surface P C P 4 with a Du Val singularity of type A 2 , which is the image of C 2 U C4. 
Since T 3 • (C 2 + C4) = 1, the image T of T 3 is a smooth curve of genus 2 and degree 7. 
Thus (P, T) satisfies the conditions of Theorem 13.31 More precisely, the complement 
W\F contains a cylinder, and the center r C P of the blow-up a : X — > W is such 
that one can reach a pair (X, D) consisting of a Fano threefold X = X 18 (g = 10) and 
an irreducible divisor D on X, which is the proper transform of cr -1 (r) on X, with 
X\D ~ W\F. 

Remark 3.5. The construction (I3.3.7P works as well in the case of a non-normal P. 
We believe that in this case there are several cylinder structures on X, and hence the 
Makar-Limanov invariant of any affine cone over X vanishes. 

Third construction. In this subsection we construct a cylinder in the complement 
of an irreducible cubic surface P C P 3 under certain restrictions on the singularities of 
P. In [Ohj some families of cubic surfaces P in P 3 were found such that the complement 
P 3 \ P contains an A 2 -cylinder. However, sometimes an A 1 -cylinder exists while an A 2 - 
cylinder does not. 

Theorem 3.6. In the notation as in \2.2{^27S[ in the case g = 9 the threefold X contains 
a cylinder whenever the cubic surface F C P 3 has a singular point of type A 3 or worse. 
There exists a family of Fano threefolds X satisfying these assumptions. 

This theorem follows from the next proposition and Example 13. 161 below. 

Proposition 3.7. Let F be an irreducible cubic surface in P 3 . Then the complement 
P 3 \ P contains a cylinder whenever the surface F has a singularity worse than the Du 
Val A 2 singularity. 

Before dwelling in the proof, let us mention an application of this result. 
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Remark 3.8. We observe that, whenever the complement of a cubic surface in P 3 
contains a cylinder, this complement admits an effective G a -action. This applies e.g. 
to the singular cubic surfaces as in Proposition 13.71 or in Lemma 13.101 below. 

More generally, let X be a normal affine variety such that the class group C1(X) is 
a torsion group, and let U — A 1 x Z be an A^-cylinder in X. We claim that X admits 
an effective G a -action along the corresponding A 1 -fibration. Indeed, consider the Ga- 
action on U by shifts on the second factor, and let d G Der(0(U)) be the corresponding 
locally nilpotent derivation. By our assumption, a multiple of the effective reduced 
divisor D — X \ U is principal i.e., mD = div(f) for some / G 0(X) and m G N. 
Clearly, / G ker(<9) since / does not vanish on the A 1 -rulings of U. Hence f 5 is well 
defined and locally nilpotent on 0(X) for N sufficiently large (cf. |KPZ| Proposition 
3.5]). ' □ 

We start the proof of Proposition 13.71 with several remarks and lemmas. 

Remarks 3.9. (1) Any non-normal, irreducible cubic surface F in P 3 different from a 
cone is a scroll in lines with a double line |Naj . |Re3| (cf. Proposition I2.3p . The proof 



of Proposition 13.71 goes for such a surface F in the same way as that of Theorem 13.11 

(2) If F has a singular point P of multiplicity > 3, then F is a cone over a plane 
cubic curve. So the projection P 3 \ {P} — > P 2 with center P determines a (linear) 
cylinder structure over an appropriate open set Z CF 2 . 

(3) In case (1) F does not admit any isolated singularity. In fact, if F has a Du Val 
singularity then all its singular points are at most isolated Du Val singularities. The 
classification of all possible sets of Du Val singularities on cubic surfaces in P 3 is as 
follows (see e.g., [EW] or [Bol] ft 

(nA x ), n=l,..., 4, (nA 2 ), n = 1,2,3, (A3), (A 4 ), (As), 
(nA l ,A 2 ), (nAx,A 3 ), n = 1,2, (A h 2A 2 ), (A l7 A 4 ), (A h A 5 ), 

(D A ), (AO, (E 6 ). 
In the proof of Proposition 13.71 we use the following simple observation. 

Lemma 3.10. Let F be a cubic surface in P 3 ; L a line on F , and Tl\ (X G F 1 ) the 
pencil of planes through L. Suppose that for a general A G P 1 

(3.10.8) U X HF = L + C x , where C x n L = 2P, 

i.e. C\ is a plane conic tangent to L at a point P. Then P 3 \ F contains a cylinder. 

Proof. Blowing up P 3 with center L yields a diagram 

p3 





p3 ^ pi 

where p is the blowup of L, £ is the projection with center L, and q is a P 2 -bundle. Let 
F be the proper transform of F on P 3 and E C P 3 be the exceptional divisor of p. We 



2 The coefficients in the list mean the number of singular points of a given type. 
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fix a member, say, of our pencil, and we let Iloo denote its proper transform on P 3 . 
In P 3 we consider the open set 

U = P 3 \ (floo U E) ~ P 3 \ ~ A 3 . 

Let h be a regular function on U which defines the affine surface F n U. Consider 
further a rational map 

5 = (q,h) : P 3 — » P 1 x P 1 . 

Its restriction to the open set U \ F is regular, while the restriction to a general fiber 
tlx \ (E U F) of q\U defines an A 1 -fibration. Hence S defines as well an A 1 -fibration 
over a Zariski open subset of P 1 x P 1 . By |KMt Theorem 2] and |KW[ Theorem] there 
exists a cylinder in P 3 \ F compatible with this A 1 -fibration. 

□ 

Remarks 3.11. (1) The construction in the proof yields a cylinder in conies with a 
unique base point P. Such a cylinder can exist only if P G F is a singular point. 

(2) If F as in Lemma 13.101 is singular at P, then there is a line L on F through P. 
Indeed, in an affine chart centered at P the equation of F can be written as f 2 + fs = 0, 
where f 2 and f'3 are homogeneous forms of degree 2 and 3, respectively. The system of 
equations f 2 = fz = defines 6 lines on F through P, counting with multiplicities. 

(3) Suppose that for a triple (F, L, P) as before, the pencil ITa does not satisfy the 
assumptions of Lemma 13.101 Then in an appropriate affine chart with coordinates 
(2, y, z) centered at a singular point P of F, the surface F can be given by equation 

xy + zg(x,y,z) = 0. 

Since the quadratic part is of rank > 2, in this case (F, P) is an /^-singularity. These 
observations lead to the following corollary. 

Corollary 3.12. If (F,P) as before is a Du Vol singularity not of type A n , then P 3 \ F 
contains an A l -cylinder in conies with a unique base point P. 

It remains to determine for which ^-singularities (F, P) of cubic surfaces the com- 
plement P 3 \ F contains a cylinder. 

Lemma 3.13. Let F be a cubic surface in P 3 with an A n - singularity P G F. If n > 3 
then the complement P 3 \ F contains a cylinder. 

Proof. Suppose that n > 3, and let / = f% + ^3 = be an equation of F in a local affine 
chart (x, y, z) centered at P. If rk/2 = 1 then (F, P) is of type D n or Eq. If rk/2 = 2 
then (F,P) is non-normal or of type A n (n > 2), and if rk/ 2 = 3 then (F,P) is of 
type A\. In the former case, the result follows from Corollary 13.121 The case n < 2 is 
eliminated by our assumption. In the second case, we can reduce the equation to the 
form 

f = X y + g 3 (x, y) + g 2 (x, y)z + g x (x, y)z 2 + cz 3 = , 

where gi is a homogeneous form of degree i. We claim that c = 0. Indeed, let the 
blowup of P 3 at P be given in an affine chart as (x,y,z) 1 — > (xz,yz,z), with the 
exceptional divisor z = 0. Then the equation of the proper transform F' of F in this 
chart is 

xy + 93(x, y)z + g 2 (x, y)z + g ± (x, y)z + cz = 0. 
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Since n > 2 and the surface F' should acquire a singular point of type A n _ 2 at the 
origin, we conclude that c = 0. 

Furthermore, we may assume that L = {x = y = 0}. Consider the pencil of planes 
n A = {y = Xx} through L. We have U x nF = L + C x , where Lf]C\ = {x = 0, z 2 = 0} 
has a double point. Now the conclusion follows by Lemma 13.101 □ 

Remark 3.14. In the case where P G F is an A\ or A 2 singularity and L is a line 
on F through P, there is no plane U\ through L such that the residual conic on the 
section U\ D F is tangent to L at P. 

Remark 3.15. For a cubic surface FCP 3 the following are equivalent: 

(1) F has a singularity worse than Du Val A 2 singularity, 

(2) there exists a line L on F such that the pair (F, L) is not purely log terminal 
(PLT). 

Indeed, assuming that all singularities of F are of type Ax or A 2 , consider a line L on 
F. Since L is smooth, for any singular point P G F the dual graph of the minimal 
resolution has the form 

L L 

o — • or o — o — • 

Thus (F, L) is PLT by the classification of the PLT singularities of surfaces. Hence (2) 
implies (1). 

To show the converse, assume that (F, L) is PLT. Again by the classification of the 
PLT singularities, and because there is a line passing through any singular point of F, 
the surface F is normal and has only A^-singularities. Take L as in Lemma 13.101 and 
let P G L be a singular point of F. For a general plane II passing through L we have 
IlnF = L + C, where C is a smooth conic tangent to L at P. Then the pair (F, C + L) 
is not log canonical (LC) at P. 

On the other hand, we claim that the dual graph of the minimal resolution of (F, C + 
L) has the form 

L Ex E n C 

• — o • o — • 

Consequently, the pair (F, C + L) is LC at P, a contradiction. 

To show the claim we consider the minimal resolution // : F — > F of the A n - 
singularity {F,P) and its fundamental cycle Z = Since L and C both are 

smooth and pass through P we have L ■ Z = 1 = C ■ Z . Hence C and L are both at- 
tached at the end vertices of the dual resolution chain X^Li E%- ft remains to show that 
they are attached at the opposite end vertices. Write fi*(C + L) = C + L' + Ym=i a i^i) 
where aij > 0, i = 1, . . . , n, are the vanishing orders on the F{ of the pullback to F 
of the local equation of the Cartier divisor C + L on F. Taking intersections with Ei, 
i = 1, . . . , n, yields a system 

— 2«i + a 2 = —Sx, ax — 2a 2 + a 3 = —5 2 , a 2 — 2a 3 + a 4 = — 5 3 , . . . , a n _i — 2a n = —5 n , 

where S { = (C + U) ■ E { G {0, 1, 2}. We have Y%=x ^ = 2 - Assuming that 5x > and 
summing up the equations we obtain — (ax + a n ) = —2, hence ax — a n — 1. Plugging 
in this in our system we find a 2 + Sx = 2, where a 2 > and Si > 0, hence a 2 = 1 = Si. 
From the second equation we deduce 



a 3 = 2a 2 — ax — S 2 — 1 — S 2 > , 
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hence 82 = and a.3 = 1, and so on. By recursion, finally we get 

81 = 1, 8 2 = ■ ■ ■ = 5„_i = 0, and 8 n = 1 . 

Now the claim follows. 

The next example fixes the second part of Theorem 13.61 

Example 3.16. Let us construct a pair (F,T), where T is a smooth curve of degree 
7 and genus 3 in the smooth locus of a cubic surface F in P 3 with a unique singular 
point Sing(F) = {P}, such that (F,P) is an A 3 -singularity. 

Consider a smooth quartic curve r in P 2 . Blowing up a point Po on Y and three 
infinitesimally near points Pi,P2,P% on the subsequent proper transforms of T, and 
then also a point P4 ^ Pq on F and an extra point P 5 G P 2 \ f, we obtain a smooth 
surface F, a chain of rational curves C = Eq + Pi + E2 on F with F 2 = —2, z = 0, 1, 2, 
which consists of the first three components appeared in the exceptional locus, and a 
smooth curve T on P of genus 3 and anticanonical degree 7, disjoint with C. Blowing 
down C leads to a singular cubic surface P with a unique singular point of type A3 
anticanonically embedded in P 3 . The image T of T on P is a desired curve. 

The following observation shows however that not any cubic surface with a deep 
singularity is available for our purposes. 

Remark 3.17. By construction, the criterion of Theorem 13.61 on the existence of a 
cylinder in X = X±e C P 10 [g = 9) is valid as long as the cubic surface P in P 3 as 
in I2.2H2.6I contains a smooth curve T of genus 3 and degree 7. However, there is no 
such curve T on a cubic surface P with an isolated conic singularity or a Du Val E e 
singularity (although by Proposition 13.71 in this case P 3 \ P contains an A 1 -cylinder). 
In other words, a normal cubic surface with a conic or an P 6 singularity cannot appear 
via the Sarkisov link as in 12.61 In the conic case, this follows from Proposition 12.31 

Suppose further that P C P 3 is a cubic surface with a Du Val E e singularity P. Let 
L be a line on P passing through P. Then C1(P) ~ where L 2 = 1/3. Since 

deg(r) = 7 we have r ~ 7L and so T 2 = 49/3. It follows that P eT. 

Consider the minimal resolution a : P — > P, and let 

Z = Pi + 2P 2 + 3P 3 + 2P 4 + P 5 + 2P 6 

be the fundamental cycle supported on the exceptional divisor P = Yli=i &i °f a with 
the dual graph 

T' Ei E 2 E 3 Ei E 5 V 
• O O O O O • 

o 
E 6 

Since L and V are both smooth and pass through P, we have Z ■ V — 1 = Z ■ L', where 
T' and V are the proper transforms of V and L on P, respectively. In the minimal 
resolution graph, V and L' must be both attached at the end vertices Pi or P 5 . We 
claim that they are not attached to the same vertex. 

Suppose to the contrary that T r ■ E\ — 1 = U • E\. We use the notion of a different 
(see e.g. |Sh 2 | , |Pr 4 | ) 

DiS c (0) = (K F + C)\c-K c , 
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where C is a curve on F smooth at P. By adjunction, 

(K F + L) ■ L = -2 + deg Diff L (0) and (K F + T) ■ T = 4 + deg Diff r (0) , 

where Diff^O) = Diffr(O) because of the local analytic invariance of the different |Pr4 . 
We have (K F + L) ■ L = -2/3 and so degDiff L (0) = 4/3. On the other hand, 

(Kp + r) • r = (-3L + IV) ■ 7L = 28L 2 = 28/3 . 

We deduce that degDiff r (0) = 16/3 ^ degDiff L (0), a contradiction. Thus we may 
assume that r" • E\ = 1 = L' ■ E 5 . Then by the symmetry of the resolution graph, it fol- 
lows that deg Diff L (0) = deg Diff r (0), which is again absurd by the same computation 
as above. 
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